A new finite element method for the analysis of surface wave problems is presented in this paper. The characteristic of this method is that the interpolation equation is selected to satisfy the Helmholtz equation in each element. This follows that the variational functional to be minimized can be formulated as in the form that all integrations are limited just on the boundary of the element. The numerical solutions obtained are compared with the analytical and observed results. From these comparative studies, it is concluded that the present method provides a useful and valuable tool for the analysis of surface wave problems.
INTRODUCTION
In general it is wellknown that the surface wave problems can be classified into two groups, namely, inner and outer problems. The classification depends on the configuration of the area to be analyzed. The problem of oscillation inside the closed region is called as the inner problem, for example, the oscillation in lake and water tank etc. On the contrary, wave propagation over the open region is referred to the outer problem, which includes, for example, waves on the ocean etc. Recently, to solve these problems, there have been presented a number of numerical methods. For inner problems, the finite difference method and the finite element method are usually used. Whereas, in the case of outer problems, the finite difference method, the finite element method, the boundary element method and the combinational method of those are employed. Using the conventional methods presented previously, it has been found that the extremely fine grids and a large number of element must be employed to get the satisfactory accuracy.
Therefore, a plenty of computational time is necessary and a large size of computer core storage are required.
To avoid this, this paper presents a method to analyze surface wave problems based on the finite element method borrowing the idea of the boundary element method.
The basic procedure of the method presented in this paper is based on the following idea. It is quite common that the mild-slope equation can be solved by using the corresponding variational equation. 
BASIC EQUATION
A steady state surface waves with infinitesimal amplitude on the slowly varying water depte can be generally described by the mild-slope equation, assuming irrotational flow of incompressible fluid. Denoting the water elevation i, the governing equation can be written in the form6), 11).
where Q is an arbitrary domain. C and C9 express phase velocity and group velocity, and is angular frequency. The frequhncy cv is derived from the dispersion relation. v2=g/ tanh kh... (2) where k, g and h are wavenumber, gravity acceleration and water depth respectively.
In case of inner problem, the following boundary conditions are introduced as shown in Fig. 1 (a) . (4) where n means the unit normals to the boundary, superscripted denotes the value which is specified on the boundary J and P2 and there is no overlap between J and T2. In case of outer problem, water elevation is assumed to be the sum of incident wave r and scattered wave Esc as 7=11in+ rlsc....
(5) where is assumed as follows.
m= A exp {ik(x cos 0+y sin 0)}...
in which A denotes the incident wave amplitude, 0 is the incident wave angle and i is the imaginary unit respectively.
As the boundary conditions, the following conditions are introduced on the boundary as shown in Fig. 1 
(b).
where is is the boundary of structures, is the infinite boundary and r is the distance from the pole. The following continuity condition should be satisfied on which is the boundary artificially located between QL and Q0. (9) where superscripts Qi and Qo mean the values on the side of Qi and Qo on the boundary Fc. respectively.
BOUNDARY TYPE FINITE ELEMENT METHOD
For the discretization of the basic differential equation, the variational principle can be usefully introduced. Generally, the variational functional to be minimized for the mild-slope equation (1) is expressed as follows.
H=4
CC(Vii)2a2 o2 IdQCCqip3. ndP (10) The functional is transformed into the following form after integrating the first term by parts.
H=* 1CCgiii ndP-lCCg7, (o271)dQ-1w2; ij2dQ-L CCg7 ndF (11) Introducing the relation w= C1i into equation (11), the variational functional can be written in the following form.
H-n I CCgip, ndP-n 1 CCgij(027, i+ k2ii)dQ-' CC9i, ndF (12) Assuming that the interpolation equation for water elevation i satisfies the Helmholtz equation in 9, equation (12) can be simplified as:
H= n I CCg7T ndP -I CCgi, ndF (13) This functional is the basis for deriving the boundary type finite element equation.
The wave field to be analyzed is divided into a finite number of elements, and then the variational functional can be rewritten as follows.
H= He -f 71 CCgindP IT CCgrf3, ndPl (14) where a denotes the a-th element, m is the total number of elment. 
and for a four node quadrilateral element,
where al-a4 are constants which are determined by the fact that the water elevation expressed in equation (15), (16) must be coincide with the nodal values at each nodal point. These above interpolation equations are to be the eigensolution to the Helmholtz equation in a closed area.
Introducing the nodal coordinates into the interpolation equation and determining the constants al, a2, a3i a4, the following equation can be obtained.
(17) where {n} denotes the water elevation at each nodal point. For the wavenumber k, the value at the centroid of each element is used.
The interpolation equations (15) and (16) can be rewritten in the matrix form as :
(18) Eliminating la} from equation (18) using equation (17), the water elevation for any point inside the element can be derived in the following form.
=CPGn=Nn...
where [N] denotes the interpolation function for the water elevation. Fig, 3 shows a typical interpolation function for a three node triangular element and four node quadrilateral element in case that the ratio between element length s and wave length L are 0. 1 and 0. 33 respectively.
On the other hand, the normal derivative rn can be described as follows using equation (18). HeT
Minimizing the functional equation (14), it is obtained that
From equation (23), the boundary type finite element equation can be obtained. For each element, 
where the numerical numbers indicate the corresponding nodal points for the element. In equation (25) while calculating the matrix [K] and {FI, it is necessary to transform the coordinate system from cartesian coordinate (x, y) to (s, t) coordinate system. For example, during integration from node 1 to node 2, the transforming equation can be obtained as follows (see Fig. 4 
In this paper, the concept of this relation is used throughout in the calculation of the line integrals.
In case of four node quadrilateral element, the various coefficient matrices can be written as where l and m are the direction cosines of the outward normal to the boundary.
COUPLING WITH BOUNDARY ELEMENT METHOD
For the analysis of outer problem, the radiation condition must be considered as the boundary condition at infinity. Thus, for the purpose of efficient numerical computation, wave field is divided into two domains, one of which is the inner domain QL with arbitrary water depth and the other is the outer domain Q0 with constant water depth as shown in Fig. 1 (b) . On the domain Qi, the present method is applied and the boundary element method is introduced on the domain Q0. Generally, the variational functional to be minimized for the outer domain 110 is expressed as follows. 
where p is the pole and r is the distance from it and a denotes the angle of rotation of the tangent at point p. Linear interpolation function [L] is introduced for both water elevation and derivatives, i, e.,
Introducing equation (32) and (33) into (31) and rearranging the terms, the following matrix form is derived.
[ [K+H] {m=IF}....
(36) where
In order to compute equation (36), the frontal solution technlque is used. Therefore, it can be possible to solve the problem which consists of a large number of unknown varibles using the limited computational time.
NUMERICAL TESTS
In order to show the varidity of the present method, several numerical computations have been carried out, comparing with the analytical solutions and computational results obtained by the conventional finite element method using linear interpolation function.
Consider a rectangular basin with slowly varying water depth h= h0(1-x/ a) as shown in Fig, 5 . The water depth is assumed to be zero along the line x= + a and uniformly increases to the opposite end x= -a where it is 2 ho, ho being the depth along the line x=0 and equal to the mean depth. Hidaka12) had obtained the exact value for the eigen-frequency and water elevation only when the ratio b / a equals to 0. 5. Fig. 6 is the finite element idealization based on the three node triangular element for the rectangular basin. In this computation, the values for a, b and ho are assumed to be 50 m, 25 m and 5 m, respectively. Table 1 shows the comparison between analytical and computed eigen-frequency when the mode of this basin is (m, n) = (0, 1). Here m and n denote the total number of wave nodes in the x-direction and y-direction, respectively. In this table, F, E. M, denotes the finite element method based on the linear interpolation function. Here it can be seen that the solution which is obtained by the present method is well enough comparing to the one obtained by the conventional finite element method. Fig. 7 illustrates the computed water elevation along the boundary A-D and C-D which are compared with the conventional finite element and analytical results. It can be seen that the water elevation computed by the present method is closer to the analytical solution than that by the conventional method.
The convergence criterion can be checked numerically as shown in the following figures. Fig. 8 and Fig. 9 represent the relation between the error percentage and the total number of nodes when the mode of this basin (m, n) = (0, 1). The ordinate represents the error percentage and the abscissa is the total number of nodes. It can be seen that the present method is good in accuracy compared with the conventional finite element method. Table 1 Comparison of eigen-frequency. 
APPLICATIONS
(1) Applications to inner problem As the first application problem, the analysis of natural oscillation problem in lake is analyzed. For the numerical study, Lake Yamanaka which is located at the northeastern side of Mt. Fuji in Japan is chosen. Fig. 10 is the finite element idealization and water depth for Lake Yamanaka. The total number of finite elemnts and nodal points are 185 and 115, respectively. The eigen-frequency of this lake is calculated and shown in Table 2 . The table shows the comparison between computed and observed eigen-frequency. In this table T1, T2 and T3 denote the first, second and third mode of this lake respectively. The computed results are well agreement with the observed results. (2) Application to outer problem The present combinational method is applied to the analysis of wave amplitude distribution around an island on parabolic shoal as shown in Fig, 11 . Fig, 10 Finite element idealization and water depth for Lake Yamanaka. Table 2 Comparison of eigen-frequency (in minutes). Fig, 11 Definitions for an island on parabolic shoal. 
CONCLUSION
The boundary type finite element method has been presented in this paper for the analysis of surface wave problems. The characteristic points of this method is as follows. The interpolation equation has been chosen so as to satisfy the Helmholtz equation in each element using the trigonometric function series. This enables that the variational functional to be minimized can be formulated as in the form that the integration is limited just on the boundary of the element. This follows that the final equation can be formulated by the calculation of line integral.
From the numerical examples, it can be seen that the solutions obtained by the present method is assured to be satisfactory close to the analytical solution. The CPU time by the present method to achieve better accuracy compared to the conventional finite element method requires the same amount as in the case of conventional finite element method. Moreover, the coarse finite element mesh idealization can be adaptable compared with those employed in the conventional numerical methods. Therefore it is possible to reduce the computer core storage as well as CPU time to a considerable extent. The analysis in this paper was done only for the long wave problems, whereas it is also possible to solve short wave problems.
